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= Τ𝑑𝑝 Δ𝑥

Motivation
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Stokes’ drag:

𝐹𝑑 = ቐ
3𝜋𝜇𝑑𝑝 𝑈 − 𝑣𝑝

3𝜋𝜇𝑑𝑝 𝑢𝑝 − 𝑣𝑝

𝑈
𝑢𝑝

By theory

In simulation

√

×
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Hierarchy
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Euler-Lagrange simulation

Tiny particle/streamline tracer Finite-sized particle

Particle momentum negligible Particle momentum matters

One-way coupling Two-way coupling

Flow undisturbed Flow perturbed

Self-induced velocityInterpolate undisturbed velocity

Eulerian flow field

Lagrangian particle

Recover undisturbed velocityDrag model

Feed-
back
force
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Our plan
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∆𝑥

𝑑𝑝

𝐼𝑓 = ቊ
0
1

Particle
Fluid

0

1

Indicator function

𝐺 𝒓 =
1

2𝜋𝜎
3 exp −

𝑟2

2𝜎2

𝑼 𝒙, 𝑡 = 𝜙𝑐1𝒖𝑐 𝒙, 𝑡 − 𝜙𝑐1𝒖1𝑐
′ 𝒙, 𝑡

Solution:

EL particle
Center velocity

Undisturbed
velocity

Self-induced
perturbation velocity

Oseen’s equation:

𝛻 ∙ 𝜙𝑐1𝒖1𝑐
′ = 0

𝜌𝑼 ∙ 𝜙𝑐1𝒖1𝑐
′ = −𝛻 𝜙𝑐1𝑝1𝑐

′ + 𝜇𝛻2 𝜙𝑐1𝒖1𝑐
′ − 𝑭𝐺

• Simple model
• Drag not in same direction of flow
• Near wall
• Compatible for common projection filters
• Compatible for common difference schemes



Cornell University
University of Illinois
University of Florida

Iowa State University
University of Washington

ONR MURI
Spray Control/ 14

Filter effect
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-3

DNS

E-L

𝑈 = 1, 𝑑𝑝 = 1, 𝑅𝑒𝑝 = 170

𝜙1𝑐 =

1 − erf
𝑑𝑝

2 2𝜎
+

𝑑𝑝

2𝜋𝜎
exp −

𝑑𝑝
2

8𝜎2

1 −
𝜋𝑑𝑝

3

6

1

2𝜋𝜎
3 exp −

02

2𝜎2

Analytical

Approximation

• Recommend using the analytical form
• Τ𝜎 𝑑𝑝 fluid volume fraction 

• Τ𝜎 𝑑𝑝 self-induced velocity

𝛿 ≈ 2.3𝜎

Undisturbed
Velocity 𝑼

𝑢′ Self-induced velocity

𝑢 interpolated velocity
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Scenario 1: x-dir scalar
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𝑭

𝑼

𝜙𝑐1𝒖𝑐 𝜙𝑐1𝒖1𝑐
′

𝒙

• Drag is parallel to flow
• self-induced velocity in x-dir
• No y,z perturbation @ 𝒙 = 0

𝜙𝑐1𝒖1𝑐,𝑥
′ = 𝐶𝑥𝑭𝑥

′
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Scenario 2: 3D vectorial
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• Drag is not parallel to flow
• Due to not only 𝑭𝑞𝑠

′

• Diagonal relation

𝜙𝑐1𝒖1𝑐,𝑥
′

𝜙𝑐1𝒖1𝑐,𝑦
′

𝜙𝑐1𝒖1𝑐,𝑧
′

=

𝑀𝑥 0 0
0 𝑀𝑦 0

0 0 𝑀𝑧

𝑭𝑥
′

𝑭𝑦
′

𝑭𝑧
′

𝑀𝑥 Re𝜎 = −
1

2𝜋2Re𝜎
2 𝜋 − 2𝜋Re𝜎 +

𝜋

2
Re𝜎

2 − 𝜋exp
Re𝜎

2

2
erfc

Re𝜎

2

Re𝜎 =
|ഥ𝑼𝑠 𝒙 = 𝟎, 𝑡 − 𝑽|𝜎

𝜈
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Scenario 3: near-wall
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• Free-slip wall nearby
• Projection point in x-y plane

• Modelled by a mirror particle
• Symmetric by the wall

• Drag symmetric by the wall
• Not only diagonal relation

𝜙𝑐1𝒖1𝑐,𝑥
′

𝜙𝑐1𝒖1𝑐,𝑦
′

𝜙𝑐1𝒖1𝑐,𝑧
′

=

𝑀𝑥𝑥 𝑀𝑥𝑦 0

𝑀𝑦𝑥 𝑀𝑦𝑦 0

0 0 𝑀𝑧𝑧

𝑭𝑥
′

𝑭𝑦
′

𝑭𝑧
′
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Correction model
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Interpolated relative flow velocity 𝜙𝑐1𝒖𝑐
𝑠

− 𝑽

Coordinates rotation 𝐌 [𝜙𝑐1𝒖𝑐
𝑠

− 𝑽]

Compute Re𝜎 , Re𝑝, Φ, 𝐁 , 𝐂 using 𝐌 ഥ𝑼𝑠 − 𝑽

ഥ𝑼𝑠 − 𝑽 = 𝐌 𝑻 𝑰 −
𝑑𝑝

𝜎

Φ

2𝜋
𝐁 𝑰 + 𝐂

−𝟏

𝐌 𝜙𝑐1𝒖𝑐
𝑠

− 𝑽

True drag 𝑭𝑞𝑠
′ = 3π𝜇𝑑𝑝

ഥ𝑼𝑠 − 𝑽 Φ

Converge

Renew
ഥ𝑼𝑠 − 𝑽

and
Iterate

𝐂 = 𝐌
𝑭𝑜𝑡

′

𝑭𝑞𝑠
′

𝜙𝑐1𝒖𝑐
𝑠

− 𝑽

ഥ𝑼𝑠 − 𝑽
𝐌 𝑻

𝐁 =

Ψ𝑥𝑥−𝑜𝑠 Ψ𝑥𝑦−𝑜𝑠 0

Ψ𝑦𝑥−𝑜𝑠 Ψ𝑦𝑦−𝑜𝑠 0

0 0 Ψ𝑧𝑧−𝑜𝑠

−
𝑑𝑝

2

24𝜎2

Ψ𝑥𝑥−𝐿𝑎𝑝 Ψ𝑥𝑦−𝐿𝑎𝑝 0

Ψ𝑦𝑥−𝐿𝑎𝑝 Ψ𝑦𝑦−𝐿𝑎𝑝 0

0 0 Ψ𝑧𝑧−𝐿𝑎𝑝

standard drag

𝑭𝑞𝑠
′ = 3π𝜇𝑑𝑝 𝜙𝑐1𝒖𝑐

𝑠
− 𝑽 Φ

Start   
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Ψ components

10

Obtained totally 10 components of Ψ Re𝜎,
𝑙

𝜎
, 𝛼 with explicit asymptotic functions for low Re𝜎

Departure Approach 
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Different filters
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𝐺1 𝑟 =
1

2𝜋 Τ3 2𝜎3 exp −
𝑟2

2𝜎2

𝐺2 𝑟 =
1

𝜋Γ
3

4
ln16 Τ3 4𝜎3

exp −
𝑟4

ln16 𝜎4

𝐺3 𝑟 =
2 Τ5 8

𝜋Γ
3

8
ln4 Τ9 8𝜎3

exp −
𝑟8

2 ln4 3𝜎8

Scalar case for example, different choice
of filter does not change general solution

𝜙𝑐1𝒖𝑐
′ 𝑠

= 𝐶Re𝜎𝑭𝑥
′ Ψ𝑥−𝑜𝑠

but slightly changes the specific values of
𝐶 , Ψ𝑥−𝑜𝑠
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Differentiation schemes
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Self-induced velocity derived by Fourier Transform 𝜙𝑐1𝒖𝑐
′ = −

𝑭𝑥
′ Re𝜎 1−𝜄

Re𝜎෩𝑘𝑥

෩෩𝑘
2

෨෨𝑘
2

1+
Re𝜎

2 ෩𝑘2

෩෩𝑘
4

1 −
෨𝑘𝑥

2

෨𝑘2
𝐺

Wave number in spectral method

෨𝑘 = 𝑘 and ෨෨𝑘2 = 𝑘2 for 𝑘 = 0, ±𝑘𝑚𝑖𝑛, ±2𝑘𝑚𝑖𝑛, ⋯ , ±
𝑁

2
𝑘𝑚𝑖𝑛

Wave number in second-order finite difference scheme

෨𝑘 =
1

∆𝑥
sin 𝑘∆𝑥 and ෨෨𝑘2 =

1

∆𝑥2 1 − cos 𝑘∆𝑥 for 𝑘 = 0, ±𝑘𝑚𝑖𝑛, ±2𝑘𝑚𝑖𝑛, ⋯ , ±
𝑁

2
𝑘𝑚𝑖𝑛

Spectral

• Underestimate
• Need ∆𝑥 < 𝜎 Finite difference

• Overestimate
• Need ∆𝑥 < Τ𝜎 2
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Conclusion
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Subject:  provide the self-induced perturbation velocity correction model

Aim:        recover the true drag force in Two-way coupled Euler-Lagrange simulation
Needs:    ∆𝑥 < 𝜎 for spectral method, ∆𝑥 < Τ𝜎 2 for finite difference scheme

Inputs:    𝜎, 𝑑𝑝, 𝜈, 𝑿𝑤, 𝜙𝑐1𝒖𝑐
𝑠

− 𝑽 ,
𝑭𝑜𝑡

′

𝑭𝑞𝑠
′

Outputs: corrected drag

Capability:
• Arbitrary velocity vectors of flow, particle, and force
• Free-slip wall

Feature:
• Analytically derived
• Explicit form without table interpolation
• Easy to extend to different filters, DS, finite Re𝜎, fast-varying, heat/mass transfer
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Thank you for watching!
You can send me questions by email: kailiu@ufl.edu
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Drag is usually
underestimated

Supplementary pages

Test
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Inputs: 𝜎, 𝑑𝑝, 𝜈, 𝑿𝑤, 𝜙𝑐1𝒖𝑐
𝑠

− 𝑽 ,
𝑭𝑜𝑡

′

𝑭𝑞𝑠
′

Model: a black box of functions
Matlab < 100 lines, <0.01s/iteration

Outputs: correct drag force
𝑭′ → 𝑭

Example inputs:
𝜎 = 2
𝑑𝑝 = 2

𝜈 = 2
𝑿𝑤 = 2,1, −5 ′

𝜙𝑐1𝒖𝑐
𝑠

− 𝑽 = 1,0.8,0.5 ′

𝑭𝑜𝑡
′

𝑭𝑞𝑠
′ =

0 0 0
0 0 0
1 0 0

𝑭′ − 𝑭

|𝑭|
≈ 10−

𝑛𝑖𝑡𝑒𝑟
2
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Supplementary pages

Extension
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1. Finite Reynolds number Re𝜎 ≫ 1 correction
• Moderate derivation
• Small self-induced velocity, less important to correct

2. Fast transient correction
• Derive time history term
• Commonly not used

3. Self-induced temperature/concentration corrections
• Scalar form
• Adiabatic/inpermeable wall


